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Motivation

These 4 processes exhibit self-excitation:

The occurrence of events promotes future
events.

As an analyst, we want to find out:

 Does the rate of events vary in space and
time?

« What spatial or temporal covariates may be
related to the rate of events?

- What is the triggering rate?

- How are the triggered events distributed in
space and time?




Hawkes Process

= Start with simple Poisson process:
SFe N ~ Poisson (A,T) E[N]=AT
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Hawkes Process

] Start with simple Poisson process:
< N ~ Poisson (A, T) E[N]=A.T
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With each new event t, increase intensity A by
factor a which decays exponentially with rate B:

First 1 A(t) — /10 + Z ae‘ﬁ(t_ti)

generation

i<t
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generation




Hawkes Process

Background

First

generation

Second
generation

Start with simple Poisson process:
N ~ Poisson (A,T) E[IN]=AT
Memoryless: future is independent of the past

With each new event t, increase intensity A by
factor a which decays exponentially with rate B:

A(t) = A + Z ae Bt
i<t
Memoryfull: every event increases the chance of
other events occurring which results in clustering




Hawkes Process

Start with simple Poisson process:
N ~ Poisson (A,T) E[IN]=AT
Memoryless: future is independent of the past

Background

With each new event t, increase intensity A by
factor a which decays exponentially with rate B:

First /'[(t) — AO + Z ae‘ﬁ(t_ti)

generation
i<t

Memoryfull: every event increases the chance of
other events occurring which results in clustering

Second

generation It can be shown that if a<B process is contained:

Fraction of ‘triggered’ events n = N,/N = o/B
Cluster size c=1/ (2-n) E[A]=AC

A,=05,a=05,=1




Inference and Diagnostics

o, B, A, can be estimated using maximum likelihood
estimation. It can be shown that:

T N(T)
1(6) = logL(6) = — [ﬂ Mo+ ¥ togh(T)

If the model is a good fit, it can be shown that the
residuals should be Poisson distributed with exponential
interevent times.

Goodness of fit can then be judged by plotting QQ-plot.

Heusser (2013) analysed 5ooo Bitcoin trades between
13:10 and 19:57 on 20 April 2013 using this approach:

Residual Interevent Times

A, =0.07
o =1.18

B=1.79
R2=0.99

Ordered Values

2 3 a

Theoretical quantiles
Branching ratio n=65% indicates that 2/3 of
trades are generated as a result of other trades.
Average cluster size c=2.8




Extensions
Trigger function: A(t) = A, + 2, g(t-t) Mutual Excitation: A (t) = Zict Buklt-t))
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Seismic Activity —
Ogata (1999)
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An increase of underground water level can
trigger shallow earthquakes with some
probability.
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J'F MAM I JT A S OND
The seasonality of the microseismicity around ©

the Australian Capital Territory (ACT) including
Canberra, Australia looks similar to the Sydney
rainfall pattern rather than Canberra’s.

This might suggest a correlation between
earthquake occurrence around ACT and the e
migration of underground water beneath the CANBERRA

southeastern highlands from eastern Australia. TTFMAMI T ASOND
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Crime — Mohler (2011)

Spatial offspring/parent interpoint distances: Forecasting strategy comparison:
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Elevated crime risk travels ~100 m from the house of an initial Predicted location of 660 crimes out of 2627 within 200m? cell ,
burglary to the location of direct offspring events compared with 547 crimes predicted by standard technique.
The risk travels vertically and horizontally (along streets), more

so than it does in other directions.




Epidemics — Meyer (2014)

« Comparison of size distributions of
simulated waves of influenza during the
first 20 weeks of 2008 trained by
previous g years.

» Model complexity increases from top to
bottom

» Confirms that power-law distribution of
short-time human travels translates to
modelling of infectious disease spread

endemic only —

endemic + AR —

first order

power law —

power law + pop. |

5000 10000 20000 30000
Final size (sqrt-scale)

Dashed line corresponds to observed size




Caution

- Hawkes model applies only to clustered, self-exciting processes where there is an
underlying generative process.

 For example an infectious disease with no known carriers and where all infections
can be traced back to patient ‘o’ cannot be modelled using the Hawkes model

« MLE for estimating parameters can be computationally intensive and scale with n?
- Many algorithms have been derived to counteract this effect

- Diagnostics tools should be included in any application of the Hawkes model
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